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A Change of Structure and Discrete Soliton
at Smectic C�

a in an Electric Field

Yu Sugimoto�, Masashi Torikai, and Mamoru Yamashita
Department of Physics Engineering, Mie University,
Kurimamachiya, Japan

Phase transition from chiral smectic Ca phase (SmC�
a) to smectic C phase (SmC)

driven by an electric field is studied from a standpoint of discrete soliton concept,
while similar phenomenon occurring at a transition from chiral smectic C phase
(SmC�) to SmC is characterized by a condensation of solitons of sine Gordon equa-
tion. As a pitch of SmC�

a without the field is very short, an equation describing a
change of a helical structure is difference equation and the soliton excited at the
phase transition should be a discrete type. It is shown that for the pitch larger than
three layers, soliton density, which is identical to a wave number of the structure,
decreases to zeromaking a devil’s staircase as the field is increased. Though the tran-
sition is a continuous type and an interaction between discrete solitons is repulsive
like the case of SmC�, a range of the interaction is shorter than the one for the
continuous solitons. On the other hand, for the pitch smaller than three, the wave
number increases reaching a bi-layer structure as the field is increased, and finally
at a critical field the bi-layer structure changes to the uniform SmC continuously.
Three-layer structure is proved to be marginal at the SmC�

a-SmC transition.

Keywords: devil’s staircase; discrete soliton; interaction between solitons; SmC�
a-SmC

transition; soliton excitation

1. INTRODUCTION

Chiral smectic Ca phase (SmC�
a) appearing in the low temperature side

of smectic A phase is ferroelectric and has a helical structure [1–3]. In
an electric field, the helical structure of SmC�

a is unwound and at a cer-
tain field strength the phase changes to uniform smectic C phase
(SmC) [3–5]. The unwinding mechanism looks similar to the one at a
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transition of chiral smectic C phase (SmC�) to SmC [6,7]. In case of
SmC�, a helical pitch is quite large and the phase is described in the
framework of continuum theory. An equation for an azimuthal angle
determining tilt direction (or, polarization direction) is so-called
sine-Gordon equation, and the transition is interpreted as a soliton
condensation of the sine-Gordon equation [8,9]. On the other hand
in SmC�

a, the pitch is very short [10,11], and so a discrete description
is required. Then, it is interesting how the nature of the transition
to SmC changes and whether the soliton concept is applicable or not.
In the previous note, we reported a preliminary study [12]. Here, we
show detailed results under various conditions.

The present study is carried out under a condition of constant tilt
angle. A free energy of Ginzburg-Landau type is introduced as a
natural generalization of the one in the continuum theory for SmC�

[12,13], where an important parameter characterizing SmC�
a, d, is a

wave number at zero field, i.e., an inverse of the pitch multiplied by
2p. An equilibrium condition for the azimuthal angle is given by a dif-
ference equation, which is solved numerically. It is shown that the
soliton concept is useful to understand the transition for d=2p< 1=3,
while it is not irrelevant for d=2p> 1=3, that is, quite short pitch.

In the next section, SmC�-SmC transition is reviewed briefly for an
explanation of the soliton condensation and a formalism for SmC�

a is
given. The section 3 is devoted to results derived mainly by numerical
analysis, and summary is given in section 4.

2. SOLITON CONCEPT AT SMC� AND FORMALISMS
OF SMC�

a IN THE ELECTRIC FIELD

First, the unwinding process of SmC� by the electric field is reviewed
[8,9]. Under the condition of constant tilt angle h¼ h0, the Ginzburg-
Landau free energy is given with the electric field E in x-axis by [13]

F ¼
Z

1

2
kh20

du
dz

� q0

� �2

�Eh0 cosu

" #
dz; ð1Þ

where u (¼u(z)) denotes an azimuthal angle describing a direction of
electric polarization, to which the tilt c-director makes a right angle,
q0 a wave number at vanishing field, k an elastic constant and a
magnitude of the polarization is taken to be unity for simplicity.
Euler-Lagrange equation is derived from Eq. (1) as

d2u
dz2

¼ E

kh0
sinu; ð2Þ
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which is nothing but the static sine-Gordon equation. A periodic
solution to Eq. (2) is given by

u ¼ 2 sin�1 sn
1

j

ffiffiffiffiffiffiffiffi
E

kh0

s
ðz� z0Þ; j

 !
þ p; ð3Þ

in which sn(x; j) denotes a Jacobi’s sn-function with j, a modulus. The
state described by Eq. (3) is called a soliton lattice [8,9]. A wave
number of the structure is derived as

q ¼ p2

4

q0
KðjÞEðjÞ ; ð4Þ

where K(j) and E(j) are complete elliptic integrals of the first and
second kinds, respectively. From the minimum condition of the free
energy (1), the modulus j is determined by the following equation,

j
EðjÞ ¼

4

p

ffiffiffiffiffiffiffiffiffiffiffiffi
E

kh0q20

s
: ð5Þ

Thus, q is given as a function of E by the use of Eq. (5), showing a
continuous curve (vide Fig. 2). At a certain field strength, correspond-
ing to the limit j¼ 1, q vanishes in Eq. (4), indicating the transition
point, and from Eq. (5) a critical field Ec is obtained as

Ec ¼
p2

16
kh0q

2
0: ð6Þ

We have also one-soliton solution (one-kink) to Eq. (2), and an
excitation energy of the soliton is shown to vanish at E¼Ec, while it
is negative for E<Ec [8,9]. Accordingly, many solitons are to be
excited at E<Ec. However, due to a repulsive interaction between
solitons, a density of soliton, which is equivalent to q, remains finite
and the soliton lattice structure above-mentioned is achieved. Thus,
the transition between SmC� and SmC is interpreted as soliton (or,
kink) condensation [8,9].

To describe SmC�
a in the field, the free energy (1) is discretized in

the form given by [12]

F ¼ �
X
i

½Khiþ1hi cosðuiþ1 � ui � dÞ þ Ehi cosui�; ð7Þ

350/[1820] Y. Sugimoto et al.
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for i, a layer number, and for d, the wave number at vanishing field
in a scale unit of layer thickness d. The condition of constant tilt
angle hi¼ h0 is also adopted. This type of free energy is already utilized
at an unwinding of helical structure of antiferroelectric smectic C
phase [14].

Minimum condition of F leads to the equation,

sin uiþ1 � ui � d
� �

� sin ui � ui�1 � dð Þ � e sinui ¼ 0; ð8Þ

where e¼E=Kh0. Thus, Eq. (8) is interpreted as a discretized form of
the sine-Gordon equation (2). Because it is difficult to solve a differ-
ence equation generally, we analyze Eq. (8) numerically. A periodic
solutions to Eq. (8) is of the form ui�p¼ui þ2pm, (i¼ 1, 2, . . . , p,
m¼ 1, 2, . . . (<p)) with period p in the scale d, and the wave number
q is given by 2pm=p. At the previous preliminary report, the case of
d=2p¼ 1=4 was tested briefly [12]. In the present investigation, cases
with various values of d are studied in detail.

3. NUMERICAL RESULTS

First, the case d=2p¼ 1=4 is studied. As an example of the periodic
solution, a structure with the wave number q=2p¼ 1=15 is shown in
Figure 1. Such periodic structure is also called a soliton lattice after
the terminology in sine-Gordon system. In practice, we see in
Figure 1 three discrete solitons located with equal separation, 15

FIGURE 1 Soliton lattice with the period 15.

Change of Structure and Discrete Soliton 351/[1821]
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layers. Apparently, soliton density is equal to q=2p. For periodic
solutions with various wave numbers, free energies per layer are
calculated. From the minimum condition of free energy (7), an equili-
brium state is chosen, from which e-dependence of the wave number q
is obtained as shown in Fig. 2 (a) together with an enlarged figure near
q=2p¼ 3=14 in (b). A solid curve shown in (a) is the q-e relation for the
continuous case given by a combination of Eqs. (4) and (5). The
enlarged one in (b) looks like the original whole feature (a), and the
q-e relation is considered to be a devil’s staircase as characterized by
statistical self-similarity [15]. We observe in Figure 2 (a) that q
decreases to zero as e approaches to ec (¼1.231592), and the transition
from SmC�

a to SmC is concluded to be continuous. (Practically, we have
calculated the phases with wave numbers up to 2p=15 near ec). Accord-
ingly, the interaction between solitons is repulsive. Though these
properties are similar to the corresponding ones at SmC� with conti-
nuum description, an interaction range for discrete solitons is shorter
than the one between continuous solitons, because of a sharp increase
of q from zero just below ec in comparison with the increase for the con-
tinuous case. Moreover, the q-e relations are different even qualita-
tively; in SmC�

a the devil’s staircase structure is observed, while
continuous change occurs in SmC�.

To certify whether the q-e relation is truly the devil’s staircase or
not, it is required to prove an existence of finite stable interval of
the field for any wave number. Here, we show that the stable interval
is finite for q=2p¼ 1=5 as a typical but arbitrary one. Wave numbers,
q=2p, of phase series converging to the phase with q=2p¼ 1=5 are
chosen in Farey series n=(5n� 1) and n=(5nþ 1) with n¼ 2, 3, 4, . . .

FIGURE 2 Field dependence of the wave number at d=2p¼ 1=4 (a) and
enlarged one near &=2p¼ 3=14 (b).
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It is shown how coexisting point between the phases with q=2p¼ 1=5
and n=(5n� 1) changes as n is increased in Figure 3(a) and the one
between q=2p¼ 1=5 and n=(5nþ 1) in Figure 3(b), respectively.
Apparently, values of e=ec at the coexisting points, e

ð�Þ
n =ec and e

ðþÞ
n =ec,

converge to e
ð�Þ
c =ec (¼0.844293) and e

ðþÞ
c =ec (¼0.982417), respectively.

Thus, the phase with q=2p¼ 1=5 is proved to be stable in an interval
e
ð�Þ
c < e < e

ðþÞ
c . We can show that any phase has a finite stable interval

within a limit of numerical precision.
Here, sharp convergences of e

ð�Þ
n =ec and e

ðþÞ
n =ec in Figure 3 are

noticed. Roughly speaking, a structure of phase with q=2p¼n=(5n� 1)
is composed of (n� 1) 5-layer blocks and one 4-layer block. In other
words, one compressed-soliton (i.e., 4-layer block) is inserted per 5(n� 1)
layers in the structure q=2p¼ 1=5. Thus, the structure is interpreted
as a compressed-soliton lattice with a period (5n� 1) [16]. In the limit,
n!1, a separation between compressed-solitons diverges and the
structure is reduced to a one-compressed-soliton state excited at
the phase with q=2p¼ 1=5. At e ¼ e

ð�Þ
c , the free energy for the

one-compressed-soliton state agrees with the one for q=2p¼ 1=5, which
means that an excitation energy of the compressed-soliton vanishes.
The sharp increase of 1=n� e

ð�Þ
n relation just below e

ð�Þ
c in Figure 3

(a), or, insensitivity of e
ð�Þ
n to n, indicates a short range character of

an interaction between the compressed-solitons. Analogous argument
is possible for the series of phases, n=(5nþ 1), where we have only to
replace the compressed-soliton by a stretched-soliton (6-layer block).
The shortness of the interaction range of compressed-solitons (and
stretched-solitons) reminds us of the short range interaction between
the discrete solitons above-mentioned. Hence, we conclude that the

FIGURE 3 Convergence of edges showing stable interval of the phase,
q=2p¼ 1=5.
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shortness of the interaction range for solitons is attributed to the
discreteness of the system.

We have carried out similar analysis for the cases, d=2p¼ 1=5, 1=7,
1=10 and 2=7. For each case, we obtain the devil’s staircase structure
and behaviour is same qualitatively to the case of d=2p¼ 1=4. The q–e
relations for d=2p¼ 1=4, 1=5, 1=10 are shown together with the con-
tinuous case in Figure 4. A natural approach of the q–e relation to
the continuous curve is observed as d is decreased, keeping the devil’s
staircase structure.

To sum up the results for the cases, d=2p< 1=3, the soliton concept
is applicable to SmC�

a-SmC transition; the transition is continuous and
the interaction between discrete solitons is repulsive, but the interac-
tion range is shorter than the one at the continuous case, due to the
discreteness of the system. In addition to the difference at the interac-
tion range, the q–e relation makes a devil’s staircase structure in con-
trast with the continuous change at SmC� described by the continuum
theory.

Next, we proceed to studying the case of quite short pitch, 1=3<
d=2p< 1=2, where values, 4=11, 3=8, 2=5 and 3=7 are actually taken
for d=2p. In any case, the phase changes to bi-layer structure
(q=2p¼ 1=2) before reaching ec, and the bi-layer structure approaches
continuously to SmC at ec. Truly, we can prove this continuous

FIGURE 4 Field dependence of the wave number at d=2p¼ 1=4, 1=5, 1=10
together with the continuous one.
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transition analytically. At the bi-layer structure, we assign u2k¼u
and u2kþ1¼�u. Then, following solution to Eq. (8) is derived,

u ¼ cos�1 � e

4 cos d

� �
: ð9Þ

For increasing e, u decreases in Eq. (9) and vanishes at a critical field,
ec, given by

ec ¼ �4 cos d: ð10Þ

Free energy per layer, f1=2, is calculated from Eq. (7) together with Eq.
(9) as f1=2¼ cos dþ e2=(8cosd), which is compared with the one at SmC,
fC¼�cosd� e,

f1=2 � fC ¼ � e

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e

�4 cos d

r
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�4 cos d

e

r !2

� 0: ð11Þ

The equality in Eq. (11) is satisfied only at e¼ ec, where u vanishes. We
show e-dependence of q in Figure 5, in which intermediate phases are
observed apparently at the case, d=2p¼ 3=7; wave numbers of the
intermediate phases, q=2p, are 7=16, 4=9, 5=11, i.e., a fraction of
Farey series composed from 3=7 and 1=2. Possibly, q-e relation makes
a devil’s staircase in an interval, d=2p< q=2p< 1=2. However, because
of the restriction of precision of numerical analysis, we could not

FIGURE 5 The e-dependence of q for d=2p¼ 4=11, 3=8, 2=5 and 3=7 (>1=3).

Change of Structure and Discrete Soliton 355/[1825]
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certify other phases to exist, and consequently the structure of q–e
relation for this case is not clarified yet. We also find an intermediate
phase with q=2p¼ 7=15 between 2=5 and 1=2 for d=2p¼ 2=5, while no
intermediate phase is found for d=2p¼ 3=8 and 4=11. So far, the struc-
ture of the q–e relation for d=2p between 1=3 and 1=2 is an open
question to be solved in a future. Nevertheless, it is worthwhile to
point out that the wave number increases as the field is increased,
which is compared with the cases for d=2p< 1=3, where the wave
number decreases as the field is increased. Anyway, for the quite short
pitch region, 1=3< d=2p< 1=2, the soliton concept is not applicable to
the SmC�

a-SmC transition in the present stage.
Finally the case with d=2p¼ 1=3 is studied. By numerical analysis, a

structure of three-layer is shown to be always stable below the critical
field, keeping a symmetry, u3k¼ 0, u3kþ1¼�u3kþ2¼u. At the critical
field, ec¼ 2, discontinuous change to SmC occurs, and u jumps from
p=3 to zero. A change of free energy per layer, f, is shown for
q=2p¼ 1=3, together with those for 1=4, 1=2 and 0 (SmC), in Figure 6.
All of these curves cross at e¼ ec (¼2), where the curve for 1=2 is given
by f1=2 derived in the above and the value, ec¼ 2, agrees with Eq. (10)
for d=2p¼ 1=3. Figure 6, showing the stability of the phase with
q=2p¼ 1=3, also indicates that the condition, d¼ 2p=3 (¼d�), is a
marginal. If d is decreased from d�, then the curve for q=2p¼ 1=4
becomes lower than the one for q=2p¼ 1=3 near ec and q–e relation
is considered to make a devil’s staircase, as stated above, with wave
number from d to zero via q¼ 2p=4. On the other hand, if d is increased

FIGURE 6 Changes of free energies for various wave numbers at d=2p¼ 1=3.

356/[1826] Y. Sugimoto et al.

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
C

al
if

or
ni

a,
 S

an
 D

ie
go

] 
at

 1
4:

20
 0

8 
A

ug
us

t 2
01

2 



from d�, the curve with q=2p¼ 1=2 becomes lower than the one for 1=3
near ec and the wave number changes in the course as shown in
Figure 5 for d> 2p=3.

The marginality of d (¼d�) is also observed at a behaviour of ec for
the change of d, as shown in Figure 7. The bold curve is given by
Eq. (10) and the thin curve is drawn as a guide for eye. The dotted
curve is an estimate of continuum limit of the present system. In
Eq. (7), a continuum approximation is taken, and by comparing this
to the free energy of Eq. (1), we obtain following correspondence;
q0¼ d=d and E=kh0¼ e=d2. Then, by using of Eq. (6), we obtain the
critical field estimated by continous limit, ec

(c), as

eðcÞc ¼ p2

16
d2: ð12Þ

Agreement of calculated ec with Eq. (12) at small d value is a natural
consequence, corresponding to the approach of q–e relation to the
continuous one as mentioned at Figure 4. Thus, the crossover at d�

is certified apparently in the ec–d relation.

4. SUMMARY

Unwinding process of SmC�
a to SmC driven by an electric field is

studied on the basis of simple phenomenological discrete model, in
which an interpretation of a mechanism of the SmC�

a-SmC transition

FIGURE 7 Critical field ec for various d.
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to be a condensation of discrete solitons is tested. It is certified that the
mechanism depends crucially on whether a pitch of SmC�

a without field
is larger or smaller than three layers. For the case of pitch larger than
three layers, a wave number, which is identical to soliton density,
decreases to zero making a devil’s staircase as the field is increased.
Similar to a continuous case of transition between SmC� and SmC,
the transition is a continuous type and an interaction between discrete
solitons is repulsive, while a range of the interaction is shorter than
the one compared with the continuous solitons. On the other side,
for the case of the pitch smaller than three, the wave number
increases reaching to a bi-layer structure with increasing field, in
which intermediate phases are also found to occur, though a property
of the wave number versus field relation is not clarified yet. The
bi-layer structure changes to the uniform SmC continuously at a criti-
cal field. Thus, the soliton concept seems not to be applicable for this
quite short pitch, at least, to SmC�

a-SmC transition. The system with
period of three layers is shown to be just a watershed, where
three-layer structure remains up to the critical field at which the
phase changes to SmC discontinuously. Dependence of the critical
field on the pitch at zero-field also exhibits the crossover at the period
of three layers.

In a representative material MHPOCBC showing SmC�
a, it has been

reported that SmC�
a looks as if the phase is separated into two different

phases appearing in high temperature and low temperature regions,
respectively, by applying the electric field [17]. In respect to this, the
crossover above-mentioned is possibly related to the separation, i.e.,
at the temperature the separation of SmC�

a into two phases occurs,
the pitch is considered to be of three layers, while the pitch at vanish-
ing field is not clarified experimentally so far in MHPOCBC. On the
other hand, something like a staircase structure is observed at an
apparent optical axis for increasing electric field [1]. It is also interest-
ing whether the devil’s staircase structure derived in this article is
applicable to this experimental fact or not. Even though our model
for SmC�

a is quite simple compared with realistic models [18,19], we
will try to explain related experimental facts, such as the polarization
current [2] in addition to the change of optical axis. Anyway, experi-
mental data on temperature dependence of the pitch [10,11,20] are
required for various materials.

At the experimental study of optical axis, the change is observed
even at the induced SmC for the electric field larger than a critical
field [1], showing an increase of the tilt angle. Accordingly, the effect
of variable tilt angle is of interest, while the constant tilt condition
is applied in the present study. In practice, an interaction between

358/[1828] Y. Sugimoto et al.
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solitons can change to be attractive due to the variable amplitude at
SmC�, and eventually the transition between SmC� to SmC turns to
a discontinuous one [8,9]. The effect of variable amplitude on discrete
soliton is an open question to be attacked in a near future.
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